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We discuss an exact time dependent O(3) symmetric solution with a horizon of the 5d AdS
classical gravity equations searching for a 4d boundary theory which would correspond to
expanding gauge theory matter. The boundary energy-momentum tensor and entropy density
are computed. The boundary metric is the flat Friedmann one and any time dependence on
the boundary is incompatible with Minkowski metric. However, at large times when curvature





It is of interest to search for 5d gravity duals [1] of time dependent phenomena in 4d gauge
theories [2, 3, 4, 5, 6]. These could, for example, serve as prototypes of the dynamics of heavy
ion collisions. For quasi-static phenomena in strongly coupled matter gauge-gravity duality
picture has already produced lots of interesting results, for viscosity [7, 8, 9], jet energy loss
[10, 11, 12, 13] and for photon production [14].
One can model collisions of large nuclei at very high energies by taking the transverse size
and collision energy to be effectively infinite so that the dynamics will be invariant under
longitudinal (x1) Lorentz transformations. Natural variables then are τ =
√
t2 − x21, η =
1/2 log(x1/t) and there will be no dependence on x2, x3. The 5d gravity dual of this 4d





−a(τ, z)dt2 + τ2b(τ, z)dη2 + c(τ, z)(dx22 + dx23) + dz2
]
. (1)
The unknown functions a, b and c would be determined as solutions of 5d AdS gravity equa-
tions and 4d physics on the boundary at z = 0 could be computed. Several interesting and
suggestive results have been obtained by studying large-τ behavior, without using an exact
solution. In particular, perfect fluid behavior for the energy density ǫ(τ) ∼ 1/τ4/3 is singled
out by absence of curvature singularities [2], also evidence for the viscosity/entropy density
ratio η/s = h¯/4π has been found by studying corrections to the leading large-τ behavior [6].
To clarify the issue we will here restore the 3d spatial symmetry broken by the metric (1).
For this case we found an exact solution, which, in fact, proved to be a known solution [15] in
different coordinates. It is perhaps not surprising that we end up with a 4d boundary theory
which is rather big than little bang: the boundary theory is the isotropic and homogeneous
cosmological FRW metric. In this way this exact solution with a horizon connects with much
research on brane/bulk cosmology and gravity [16].
2 The exact solution





















L2 gMN = 0, x
M = (t, x1, x2, x3, z), (3)








The solution we obtain [17] depends on two arbitrary functions r(t) and h(t), specified so
that the 4d boundary metric is
g(0)µν = diag(−h2(t), r2(t), r2(t), r2(t)) (5)
and a constant of integration
√
2z0, specified as the position of the horizon in z when r =
h = 1. One can trivially set h = 1 by a choice of time coordinate and the boundary metric
then is a flat cosmological FRW metric. The solution is, abbreviating r = r(t), h = h(t), r′ =









































































































The metrics have a horizon at z =
√
2z0, z˜ = z0, with Hawking temperature TH = 1/(πz0)
and with entropy density A/(4G5V3) = L3/(4G5z30) = π2N2c T 3H/2.
3 Energy-momentum tensor
To study the dynamics of the boundary theory, we have to find its covariantly conserved
energy-momentum tensor. We present two methods for doing this.
For the first [18], expand the gµν in (2), (6) and (7) near the boundary:
gµν(t, z) = g
(0)
µν (t) + g
(2)
µν (t)z
2 + g(4)µν (t)z
4 + ..., (10)
where g(0) is the FRW metric in (5) and the rest are easy to work out from (6) and (7). Then






















T µν = g
µν
(0)Tµν = diag(−ǫ(t), T 11 (t), T 11 (t), T 11 (t)), (12)
where, using (4),





















The trace of Tµν is
T µµ = g
µν






which is just the standard trace anomaly [19]. Further, the tensor Tµν is covariantly conserved,




[ǫ(t) + T 11 (t)] = 0. (16)
For the second, the same result can be obtained without the expansion of gµν(x, z) by
noting that, (a) due to the imposed symmetries Tµν must have the form (12), (b) Tµν must
be conserved as in (16), (c) the trace anomaly is L3/(64πG5)(RµνRµν − R2/3), which leads
to (15). Eliminating T 11 using the anomaly equation leads to an equation for ǫ(t) which can
be solved to again give the result in (13) and (14).
The boundary energy-momentum tensor can be naturally interpreted to describe massless
fluid in a curved background metric. The energy density has two components: ǫ(t) = ǫ0(t) +
∆ǫ(t). The first part ǫ0(t) ∼ r(t)−4 is the standard behavior of homogeneous radiation
in expanding spacetime and ∆ǫ(t) ∼ r′(t)4/r(t)4 describes the quantum corrections to the
matter due to the curved background.
Also the Tij can be suggestively composed to two parts: Tij = p(t)δij − ∆Tij, where
p(t) = 1/3 ǫ(t) is the pressure of the fluid. One may try to interpret ∆Tij in terms of
bulk viscosity: comparing (14) with the dissipative part of the energy-momentum tensor,







Bulk viscosity vanishes for a conformal massless system, but here it is precisely the anomaly
which gives rise to it. A positive ζ implies that entropy increases as can be explicitly verified
from our solution.
4 Entropy






















, zH+ ≡ zH(t) < zH−. (19)
We have now a bulk theory with a dynamical horizon at zH(t). The entropy density s(t) then



























′′ − r′2 +
√
4/z40 + (r






Further, it is of interest to compute the curvature invariants for the solution (7) in order
to study whether the bulk solution is singular or not [2]. Because (2) is a solution to the
equations of motion, we automatically have R = −20/L2, RµνRµν = 80/L4. The expression











where b(t, z) is given by (7). The 40 here is the maximally symmetric part 2R2/(d2 − d) of
R2µναβ . For the static black hole case r = 1, R
2
µναβ = 112/L4 at the horizon.
An evaluation of R2µναβ at the horizon for r(t) ∼ tn shows that it is constant for n = 1,
grows without bounds∼ t8(n−1) for t≫ z0 when n > 1 and grows without bounds∼ 1/t8(1−n)
for t≪ z0 when n < 1. Thus, if one demands that R2µναβ should not blow up when t→∞ or
t→ 0, one finds that for the r(t) ∼ tn type expansion, n = 1 is the only option. However, one
should keep in mind that there are plenty of other more complicated choices for r(t), which
make R2µναβ nonsingular at the black hole horizon — for example: r(t) = (c+ t/t0)
1/2.











the standard value for a static horizon. Furthermore, the metric then is (9) with the Hawking
temperature T = 1/(πz0) and one obtains the standard result s = π
2N2c T
3/2, p = π2N2c T
4/8
for the pressure of strongly coupled thermalised supersymmetric Yang-Mills matter. We now
have an unknown time dependent function r(t) and a conserved energy-momentum tensor
depending on it. A satisfactory gravity dual of explosive radial flow of YM matter should have
a time dependent energy density in a flat Minkowski background metric. Alas, a Minkowski
metric is obtained only if r(t) = constant, but then also the energy density is constant.
Any interesting time dependence of r(t) leads to the FRW metric (5): we set out to study
little bang and ended up with big bang. However, as time goes on the curvature invariants
R, RµνR
µν etc of the expanding FRW metric decrease as time goes on. For example, for
powerlike r(t) ∼ tn, the Ricci scalar behaves: R ∼ 1/t2, and one may neglect curvature at
late times.
For arbitrary flow r(t) we now have the entropy, but the issue of defining a temperature for
a dynamical horizon is a very complicated one [20]. It should be defined so as to satisfy the
4
thermodynamic relations ǫ+p = Ts, s(T ) = dp/dT , for thermal energy density and pressure.
We shall just consider here a special flow, r(t) = (t/t0)
n.
For a powerlike behavior r = (t/t0)
















































where a ≡ N2c /(8π2). All the quantities depend essentially on the combination 4t4/(z40r4(t)).
A particularly interesting power is the perfect massless fluid exponent n = 1. In d spatial
dimensions the perfect fluid EOM with the flow r′(t) = r(t)/t is ǫ′(t)+ d/t(ǫ+ p) = 0 leading
to ǫ(t) ∼ t−d−1 = t−4 since ǫ = dp. Note that in the application to relativistic heavy ion
collisions one has d = 1 but still ǫ = 3p, which leads to ǫ ∼ t−4/3.












































To interpret the expression for s, write 1/z0 = πTH and attempt to define a temperature by








H + 1− 1
)3/2 → √2πTHt0 if t0TH > 0.5. (28)
Thus a temperature satisfying Tt = THt0 is defined in the boundary theory if t0 > 0.5/TH .
In this region: s(t) = 12 π
2N2c T (t)
3 and ǫ(t) = 38 π
2N2c T (t)
4. The behaviour Tt ∼ constant is
the analogue of the Tt1/3= constant behaviour for a longitudinally expanding system.
This condition for t0 is rather sharp, below it the RHS of (28) blows up rapidly∼ 1/(t0TH)6.
This is also a natural condition for the initial temperature of a matter system thermalised
at t0 at the initial temperature TH . For t0 < 1/TH one is in a pre-thermalisation region in
which T is not well defined while ǫ and s are. The dynamics is anyway well defined and gauge
theory/gravity duality thus predicts the dynamics of thermalisation.
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5 Conclusions
The goal of this work was to develop the framework for studying time dependent systems
in the gauge/gravity duality picture in [2, 3, 4, 5, 6] by analysing an exact solution of the
5d AdS gravity equation. The price we had to pay was that more symmetry had to be
assumed: we had as the goal 3d radial expansion. It turns out that the boundary metric
is the standard cosmological FRW metric with an unknown time dependent radial function
r(t). In cosmology one, of course, can determine r(t) when Tµν is given. We do not have
this option when applying this picture to expanding matter. In fact, one should even have
expanding matter in Minkowski space, but if r(t) is constant, all time dependence disappears.
It should be pointed out that in this setup one can, however, in a very natural way, also
consider cosmological evolution on the boundary. As it is well known in AdS/CFT, the
volume of the AdS spacetime is infinite and the bulk spacetime has to be regularized before
calculating any boundary theory correlation functions. The regulation is done by bringing
the boundary from z = 0 to z = ǫ and adding counter terms to the boundary. After this
procedure, one can safely remove the regulator ǫ → 0 and obtain finite results. However,
one can also keep the cut-off at some finite z = ǫ, where everything is finite, and consider
the theory on this regulated boundary (brane) without the counter terms. This approach
is known as the cut-off AdS/CFT and it has been effectively shown to be equivalent to
the Randall-Sundrum type cosmological brane-world scenarios [21], [22]. In this case, the
boundary theory includes gravitation. In this setup, one can also derive the cosmological
Friedmann equations on the boundary which would dynamically determine the function r(t)
(see e.g. [16]).
However, if one is only interested studying expanding fluid in Minkowski background, one
can argue that the particular behavior r(t) ∼ t can be used as a model. This behavior was
naturally singled out by the absence of bulk singularities — in the same manner as in [2].
For large times curvature effects on the boundary become small and in this limit perfect fluid
behavior Tt = constant was obtained.
It would be most interesting to also obtain information on the transport coefficients. How-
ever, with spherical symmetry, v = r/t, shear viscosity does not contribute and for the perfect
fluid case r(t) ∼ t the anomaly, interpreted as bulk viscosity, vanishes.
There are clearly many issues requiring further study. For the first, an exact solution with
the symmetries (1) would be very useful. The boundary metric would then be of the form
diag(−1, g2(t), r2(t), r2(t)) [5]. For the second, consequences of the time dependent horizon
and its effects on the determination of entropy and temperature should be understood better.
The passage from known energy density and pressure, with non-thermal components, and
entropy to temperature is the key issue here. For the third, exact solutions with scalar and
form fields could possibly give more information.
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